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A mesh-free approximation of large deformations of ﬂexible membrane structures within the tension ﬁeld theory is con-
sidered in this paper. A modiﬁcation of the wrinkling theory, originally proposed by Roddeman et al. (1987) [Roddeman,
D.G., Drukker, J., Oomens, C.W.J., Janssen, J.D., 1987, The wrinkling of thin membranes: Part I—theory; Part II—nu-
merical analysis. ASME J. Appl. Mech. 54, 884–892.], is proposed to study the behaviour of an isotropic membrane under
the mixed state of stress (taut, wrinkled and slack). Using the facts that the state of stress is not uniform across an element
and that the deformation gradient is a spatially continuous (and possibly non-diﬀerentiable) tensor, the proposed model
uses a continuously modiﬁed deformation gradient to capture the location and orientation of wrinkles more precisely.
While the deformation gradient need not be everywhere-diﬀerentiable in a wrinkled membrane, it is argued that the ﬁctive
non-wrinkled (non-slack) surface may be looked upon as an everywhere-taut surface in the limit as the minor (and major)
principal tensile stresses over the wrinkled (slack) portions go to zero. Accordingly, the modiﬁed deformation gradient is
thought of as the limit of a sequence of everywhere-diﬀerentiable tensors. The weighted residual from the governing equa-
tions are presently solved via a mesh-free method, where the entire domain is discretized only by a set of grid points. A
non-uniform-rational-B-spline (NURBS) based error reproducing kernel method (ERKM) has been used to approximate
the ﬁeld variable over the domain. The ﬁrst step in the method is to approximate a function and its derivatives through
NURBS basis functions. However, since NURBS functions neither reproduce any polynomial nor interpolate the grid
points (also referred to as control or nodal points), the approximated functions result in uncontrolled errors over the
domain including the grid points. Accordingly the error functions in the NURBS approximation and its derivatives are
reproduced via a family of non-NURBS basis functions. The non-NURBS basis functions are constructed using a poly-
nomial reproduction condition and added to the NURBS approximation of the function obtained in the ﬁrst step. Several
numerical examples on wrinkled and/or slack membranes are also provided.
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There are presently a growing number of space missions that consider using membrane structures with a
wide variety of shapes and sizes. These deployable structures consist of thin polymer ﬁlms. Because of their
negligibly small ﬂexural stiﬀness, membranes cannot sustain compressive stresses beyond a certain minimal
level. Accordingly, regions wherein compressive stresses tend to breach this minimal level, buckle locally and
wrinkles form. The presence of wrinkles or slack regions in a membrane structure may signiﬁcantly inﬂuence
the static and dynamic behavior of a space system containing membranes. It is therefore important to develop
numerically accurate, stable and computationally eﬃcient methods for the prediction of wrinkled/slack zones
in a membrane. The analyses of wrinkling in membranes have been dealt with in several research articles.
Indeed, a number of theoretical and numerical approaches have been developed over the years. Attempts at
modeling and numerical predictions of wrinkles started with the development of the tension ﬁeld theory
(Wagner, 1929). To start with, this theory was applied to estimate the maximum shear load that could be carried
by a ﬁne web in an I or box girder.Mansﬁeld (1968, 1970) reformulated the theory by replacing the strain energy
used in the tension ﬁeld theory by a suitably relaxed energy density and with the work of Pipkin (1986) the theory
was incorporated to handle membrane wrinkling. In 1961, Stein and Hedgepeth proposed a theory for a partly
wrinkled membrane. Here, it was postulated that all compressive stresses were eliminated completely with the
formation of wrinkles and the major principal stress was non-negative (tensile) everywhere in the membrane.
For a partly wrinkledmembrane, the Stein–Hedgepeth theory was found to have some computational disadvan-
tages. Based on the same assumptions, Miller et al. (1985) proposed an algorithm for the prediction of stress–
strain behaviour of partly wrinkled membranes. It was based on a comparison of analytical and numerical
results for stresses and displacements in two ‘‘benchmark’’ problems involving a partly wrinkled ﬂat membrane.
Wu (1978) presented a model, based on plane-stress, describing the wrinkling of membranes. He modiﬁed
the deformation tensor by introducing an extra parameter. The value of this parameter was determined by the
condition that the stress in the wrinkling direction is zero. The modiﬁcation of the deformation tensor was
eﬀected in a way that the principal Cauchy directions did not change because of the wrinkling—a fact that
holds only when the material is isotropic. Based on the same approach, Roddeman et al. (1987) presented
a mathematical model for the wrinkling of plane anisotropic membranes. Wrinkling was accounted for by
replacing the actual deformation gradient tensor, which would result in negative Cauchy stresses in the mem-
brane, by a modiﬁed deformation gradient tensor via an additional parameter (b) that is a measure of the
physical wrinkliness. Here, it was assumed that state of stress is uniform across an element. Based on the nat-
ural approach for tension systems developed by Argyris et al. (1974, 1978), complex membrane structures of
arbitrary shapes with possible wrinkling were analyzed by Stanuszek (2003). Wong and Pellegrino (2002) stud-
ied wrinkle formations and thus analyzed a fully wrinkled membrane panel for buckling and postbuckling
solutions using ABAQUS.
Recently the idea of mesh-free methods has found considerable appeal amongst researchers as a numerical
tool for solutions of partial diﬀerential equations (PDEs), especially those of relevance in solid mechanics.
These methods, unlike classical forms of ﬁnite element methods, do not require any mesh generation for dis-
cretizations of complicated structural geometries deﬁned over 1, 2 or 3 dimensions. Moreover, unlike ﬁnite
element methods, mesh-free methods do not need a costly re-meshing to capture sharp gradient changes in
the solutions. Indeed, several mesh-free methods have been developed and reported over the last two decades.
In particular, mention may be made of the diﬀuse element method (DEM) (Nayroles et al., 1992), the element
free Galerkin method (EFG) (Belytschko et al., 1994; Lu et al., 1994), the partition of unity ﬁnite element
method (PUFEM) (Babuska and Melenk, 1997; Melenk and Babuska, 1996), the h–p Clouds (Duarte and
Oden, 1997), the reproducing kernel particle methods (RKPM) (Liu et al., 1995a,b), the moving least-square
reproducing kernel method (MLSRK) (Liu et al., 1997; Chen et al., 1996, 1997), the meshless local boundary
integral equation method (LBIE) (Zhu et al., 1998), the smooth particle hydrodynamics method (Gingold and
Monaghan, 1977), the meshless local Petrov–Galerkin method (MLPG) (Atluri et al., 1999; Li et al., 2005), the
point interpolation method (Liu and Gu, 1999, 2000a,b, 2001a,b,c,d), the boundary point interpolation meth-
ods (Liu and Gu, 2001d; Gu and Liu, 2001a,b), the reproducing kernel element method (Liu et al., 2004;
Li et al., 2004; Lu et al., 2004; Simkins et al., 2004) and several others. Despite the noted advantages of a
mesh-free method over its ﬁnite element counterpart, mesh-free shape functions are of more complex nature
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posed. Reproducing kernel particle method (RKPM), proposed by Liu et al., 1995a,b), is one of the popular
ones in the mesh-free literature. In this method, a correction term is introduced to the kernel functions such
that the corrected kernel functions (mesh-free shape functions) are able to reproduce polynomials up to a cer-
tain degree. Although the RKPM method has been advanced and applied successfully to many problems
involving solids, structures, acoustics, ﬂuids etc., its implementation involves some numerical diﬃculties espe-
cially in higher order derivatives when the spatial step size and support size of the kernel functions are very
small. In an eﬀort to overcome these diﬃculties, Shaw and Roy (2006) have recently proposed an error repro-
ducing kernel method (ERKM). In this method, the target function is ﬁrst approximated via non-uniform-
rational-B-spline (NURBS) basis functions. The next step is to reproduce the error (remainder) function,
resulting from the NURBS approximation of the target function, through a non-NURBS family of basis func-
tions and add it to the NURBS approximation of the target function. This is quite unlike the regular RKPM
(Liu et al., 1995a,b) that uses a correction term to the kernel functions and obtains the same through polyno-
mial reproduction. The use of NURBS to construct one of the pair of families of basis functions helps bring in
the local support and convexal property in a seamless manner. NURBS can be built over a set of uniform or
non-uniform knot vectors. Any desired order of continuity (including C0) can be achieved by repeating the
knots at a selected nodal point over the knot span. Hence, in principle, it should be able to approximate func-
tions even with discontinuous derivatives. Moreover, owing to the variation diminishing property of NURBS,
it has speciﬁc advantages in representing sharp functional variations without the so-called Gibbs’ or Runge’s
phenomena. For the construction of error functions and its derivatives, a separate (non-NURBS) family of
basis functions is constructed such that they reproduce the error projected in appropriate polynomial spaces.
Since derivatives of polynomials are only required to construct derivatives of shape functions, a considerable
ﬂexibility is introduced in the choice of weight functions. In fact any continuous function, which is compactly
supported and monotonically decreasing away from its maximum, may be used as the weight function. This is
unlike any other mesh-free approximation wherein kernel functions must be suﬃciently diﬀerentiable to get a
desired order of consistency.
One of the aims of the present study is to improve upon the wrinkled element model by Roddeman et al.
(1987) and then extend it to model slack zones as well. For a wrinkled zone, the essence of this modiﬁed
approach is to treat the wrinkliness parameter b to be a spatially varying smooth (continuous as well as dif-
ferentiable almost everywhere) function, which may be discretized (and possibly interpolated) in addition to
the other discretized variables. Use of this parameter function modiﬁes the deformation gradient through
which the actually deformed and wrinkled surface is projected (stretched) onto a ﬁctive non-wrinkled surface.
It is argued that the modiﬁed deformation gradient may be thought of as the limit of a sequence of diﬀeren-
tiable (almost everywhere) tensor functions and this in turn allows one to treat the parameter function b(X) as
a diﬀerentiable function of the reference coordinate vector X. The concept is then extended to account for
slack zones by introducing yet another spatially varying parameter, which corresponds to the stretching to
be imparted along the direction of the minor principal axis so as to obtain a ﬁctive just-taut deformed surface.
However, it is presently observed that an attempt to obtain a weak, ﬁnite element-based solution for the slack
region with the above deformation gradient faces considerable numerical diﬃculties. As an alternative, the
ERKM is applied to study the wrinkling behaviour of an isotropic membrane. The paper is organized as fol-
lows. In Section 2, a brief overview of the wrinkling theory by Roddeman et al. (1987) is provided. In Section
3, a continuous representation of stretching parameter b and its geometrical interpretation is given. The
ERKM approximation scheme is discussed in Section 4. While the ﬁrst part of Section 4 introduces the func-
tional approximation through NURBS basis functions, the second part deals with the construction of error
functions. A weak formulation of membrane wrinkling/slacking, based on the ERKM, is given in Section
5. Several test cases are considered in Section 6 to numerically demonstrate the proposed approaches. Conclu-
sions are drawn in Section 7. A brief introduction to the B-spline and NURBS basis functions are provided in
Appendix A for a ready reference.
Throughout the paper, bold faced letters are used to indicate vector and tensor quantities. While a  b indi-
cates the standard tensor product of two vectors a and b, a Æ b indicates the dot product and a · b the standard
cross product. tr(A) indicates the trace of a matrix A. A:B = tr(ABT) denotes the inner product of two second
order tensors. Greek indices take values 1 or 2 and Latin indices 1, 2, or 3.
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Wrinkles on a thin membrane surfaces are the results of local buckling due to compressive stress ﬁelds.
However, within the framework of a tension ﬁeld theory, deformations due to compressive stresses cannot
be accounted for. Thus, once wrinkles are present, the basic governing equations in a wrinkled region must
be modiﬁed (Roddeman et al., 1987). For instance, the set of governing equations in a wrinkled region
may be taken to be the set of membrane equations subject to the condition that one of the principal stresses
is zero. This additional condition requires introducing an additional variable to modify the constitutive equa-
tions. For the numerical modeling of a membrane with (possibly) wrinkled regions, it is necessary to have
some fundamental assumptions as follows:
(i) Plane stress theory is applicable.
(ii) Flexure of the membrane does not introduce stresses in the membrane.
(iii) The membrane is not able to support any compressive (negative) stresses. If negative stresses tend to
appear, the membrane will wrinkle at once.
For so-called ‘‘Cauchy-elastic’’ materials, the constitutive equation may be written as:r ¼ ð1=JÞFHðEÞFT ð1Þ
with F being the deformation gradient tensor; J = det(F) the Jacobian of the deformation gradient tensor; E
the Green–Lagrange strain tensor; H a tensor function of E (describing the material constitutive relation) and
r the Cauchy stress tensor. The superscript ‘‘T’’ stands for the operation of transposition of second order ten-
sors (matrices). It is noted that the tensor F in Eq. (1) corresponds to the ‘real’ (actual) deformation gradient of
the membrane and this could result in negative Cauchy stresses. Within a tension ﬁeld theory, these stresses are
not allowed to occur and the portion of the membrane is assumed to wrinkle as negative stresses tend to ap-
pear. Accordingly the precise shape of the membrane after wrinkling is not quite deﬁnable with this theory.
However, it is possible to use a specially modiﬁed deformation gradient in the constitutive equation, which
results in strictly non-negative Cauchy stresses.
Consider a portion of the membrane (Fig. 1). It may be readily shown that the assumption of no negative
stresses implies the following inequalities:n1  rn1 P 0 ð2Þ
n2  rn2 P 0 ð3Þ
n1  rn2 P 0 ð4Þ1n
2n
x 
y
z 
3n
Fig. 1. A small membrane element, n1, n2 and n3 is principal Cauchy frame.
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pal directions of the real Cauchy stress tensor.
Further considerations of the conditions (2), (3) and (4) reveal that the following scenarios are possible.
• r1, r2 > 0: wrinkling does not occur and the membrane point is taut;
• r1, r2 < 0: biaxial wrinkling occurs and the membrane point is slack;
• r1 = 0, r2 > 0: uni-axial wrinkling occurs and the wrinkle is oriented along the n1 directions (Fig. 2a). The
vector n2 locally determines the direction of the tension ray.
Conditions for uni-axial wrinkling may thus be written as:Fig. 2.
(b) then1  rn1 ¼ 0 ð5Þ
n2  rn2 P 0 ð6Þ
n1  rn2 ¼ 0 ð7ÞIn Fig. 2(a), a part of a wrinkled membrane is shown. The solid line indicates the wrinkled conﬁguration of the
membrane segment. The actually wrinkled membrane segment would be the result of the deformation gradient
F corresponding to a theory, which does allow for negative principal stresses. However, within the present
framework, these deformations will not occur and the membrane will wrinkle. In Fig. 2 n1 is the direction
in which the real principal Cauchy stress is zero. As ﬂexure of the membrane is assumed to introduce no stress-
es in the membrane, the state of stress in the membrane segment stays the same if it is straightened out by
appropriately stretching it in the n1 direction (Fig. 2b). The stretching should continue until the principal Cau-
chy stress along n1 tends to become positive. Dotted lines in Fig. 2(a) indicate a ﬁctive deformed conﬁguration
(non-wrinkled) of a wrinkled membrane if it were to be stretched to a just-taut condition. The two surfaces are
taken to be equivalent in that they lead to the same strain energy density within the framework of the tension
ﬁeld theory. The ﬁctive non-wrinkled surface is essentially the projection of wrinkled surface onto the n1–n2
plane.
Thus, following Roddeman et al. (1987), the deformation gradient of the ﬁctive, non-wrinkled membrane
segment of Fig. 2b, which corresponds to non-negative principal stresses, is given byF 0 ¼ ½I þ bðn1  n1ÞF ð8Þ
where I is the unit second order tensor and the scalar parameter bP 0 is a measure of the stretching required
along n1. Using the modiﬁed deformation gradient F
0 in the constitutive Eq. (1), the stress state may be deter-
mined by:rðF 0Þ ¼ 1=J 0F 0 HðE0Þ  F 0T ð9Þ
where,E0 ¼ 1=2ðF 0T  F 0  IÞ; J 0 ¼ detðF 0Þ ð10Þ
The parameter b and the direction of the vector n1 have to be determined by making use of the Eqs. (5) and (7).fictive 
non-wrinkled 
 wrinkled 
B
n1
n1
n2
n2
L′
L
L′
(a) A wrinkled membrane part with deformed length L 0 and ﬁctive non-wrinkled membrane part (dotted lines) with length L < L 0,
wrinkled membrane part straight in the plane determined by n1 and n2.
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Let X = (x,y,z) be an inertially ﬁxed Cartesian coordinate system and let the membrane surface in the ini-
tial (reference) conﬁguration be denoted asM0 and let it be suﬃciently smooth so that it may be characterized
by a collection of tangent planes (bundle) TM0(P0) " P0 where P0 is a material point on M0 with coordinate
X0. Let the deformed membrane surface, denoted byMD and characterized through tangent planes TMD(PD0)
with PD0 being the image of P0 onMD, be partially wrinkled and partially taut. Now, if the point P0 is within a
wrinkled zone after deformation, the inﬁnitesimally small open neighborhood around PD0 must undergo a
stretching till the wrinkles just vanish whilst the tensile forces remain unaﬀected. On the other hand, if PD0
belongs to the taut zone, no changes are eﬀected in the open neighborhood. In this way, one can deﬁne a ﬁctive
(tension-ﬁeld-equivalent), smooth, non-wrinkled surface M , characterized by tangent planes TMðP 0Þ, which
would provide a gross description of the surface MD such that the strain energy density remains the same.
Thus, unlike Roddeman et al. (1987), the surface M is presently so formed that the wrinkles on MD are
now stretched out by a spatially continuous kinematic process.
Let P 0 be the image of PD0 on M . Let dA0, dAD0 and dA0 be inﬁnitesimal areas respectively around the
points P0, PD0, P 0 on TM0(P0), TMD(PD0) and TMðP 0Þ (see Fig. 3). If X0, XD0 and X0 are respectively, the
coordinate vectors of P0, PD0 and P 0, then the actual deformation vector of P0 may be deﬁned as
uD0 = XD0  X0. Assuming that PD0 is within a wrinkled zone and that du0 is the stretching vector needed
to move PD0 to P 0, one readily has the identity:X0 ¼ XD0 þ du0 ¼ X0 þ uD0 þ du0 8P 0 2 M0 ð11Þ
Note that TMðP 0Þ has a 2-dimensional vector space structure spanned by the unit orthogonal vectors
n1ðP 0Þ(which denotes the direction of the zero principal Cauchy stress component and hence the direction
of stretching) and n2ðP 0Þ.
In Fig. 4b ~DB is the component of XD0 in n1 and is given by,~DB ¼ ðn1  n1Þ XD0 ð12ÞFig. 3. Actual geometry of membrane in space.
Fig. 4. Vector representation of kinematics of inﬁnitesimal membrane area.
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X0 ¼ XD0 þ du0 ¼ XD0 þ bðX0Þðn1  n1ÞXD0 ð13ÞThus, oX0oX0 ¼
oXD0
oX0
þ bðX0Þðn1  n1Þ oXD0oX0 ¼ ðI þ bðX0Þðn1  n1ÞÞ
oXD0
oX0
In other words,FðX0Þ ¼ ðI þ bðX0Þðn1  n1ÞÞFDðX0Þ ð14Þ
where FðX0Þ and FD(X0) are the deformation gradients for the reference point P0 corresponding to TMðP 0Þ
and TMD(PD0), respectively. From Fig. 3, one may also write down the following identities for inﬁnitesimal
volume and area elements:dV D0 ¼ jFDðX0ÞjdV 0 ð15Þ
dV 0 ¼ jFðX0ÞjdV 0 ¼ jðI þ bðX0Þðn1  n1ÞÞFDðX0ÞjdV 0 ð16aÞ
i:e:;
dV 0 ¼ jðI þ bðX0Þðn1  n1ÞÞkF DðX0ÞjdV 0 ¼ jðI þ bðX0Þðn1  n1ÞÞjdV D0 ð16bÞ
Moreover;
D  dA0 ¼ D  jðI þ bðX0Þðn1  n1ÞÞjdAD0 ð17Þ
or;
ddA0¼D dA0  dAD0 ¼ jbðX0Þðn1  n1ÞjdAD0 ð18Þ
where D is the membrane thickness after deformation which is the same as that of the ﬁctive, non-wrinkled
membrane (but not necessarily the same as that of the membrane in the initial conﬁguration). Eq. (18), when
written in an integral form, provides a qualitative description of the ﬁctitious stretching needed to be applied
to an area element on MD so as to be projected on M . Since the point X0 2M0 is arbitrarily chosen, it follows
that the parameter b = b(X) is a continuous function of the reference coordinate. Indeed, the continuity of
b(X) is needed so that the strain tensorE ¼ 1=2ðFTF  IÞ ð19Þ
and the strain energy density W ðFÞ deﬁned with respect to the ﬁctive surface M remain continuous. For any
point in the taut region, one has b(X) = 0 (implying that ddA ¼ 0Þ and for any point in the wrinkled region,
one has b(X) > 0 (implying that ddA > 0Þ. Note that while W ðFÞ is rank one convex over the taut region (guar-
anteeing the uniqueness of the solution in the strong sense), it is non-convex with rank zero over the wrinkled
portion (Graves, 1939). When rank-one convexity of W ðFÞ fails to hold, it is known that deformations cannot
be expressed in terms of the classically known smooth functions (Young, 1969) and that deformations of this
nature may be expressed through generalized curves, which are limits of sequences of ordinary functions with
rapidly oscillating derivatives. When this happens (as in the case of the wrinkled portion of the surface MD),
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the wrinkled region. However, the ﬁctive surface M may be thought of as a surface in the limit as the minor
principal stress over the wrinkled portion in the n1 direction goes to zero from the positive (tension) side. Con-
sequently, over this portion, the Cauchy-Green strain tensor in the limit may be written as:G ¼ FTF ¼ k2n2  n2 þ l2n1  n1 with l! 1þ; k > 1 ð20Þwhere k and l are the principal stretches. Since b(X) is a diﬀerentiable function for the taut region (k > l > 1),
it may be considered as a limit of a sequence of continuous and diﬀerentiable (almost everywhere) functions
for portions where Eq. (20) holds. In other words, for ﬁnite precision computations, one may actually consider
F to be an almost-everywhere diﬀerentiable tensor function on M , a premise that is not valid forMD. It is also
worth noting that the stretches k and l on M are associated with the following two invariants:I1 ¼ kl ¼ ðdetGÞ1=2 ð21Þ
I2 ¼ k2 þ l2 ¼ ðtrG þ 2I1Þ1=2 ð22ÞIt is now important to note that a similar modiﬁcation for the ﬁctive deformation gradient, as in Eq. (14), is
possible, in principle, for analyzing the slack regions as well. In particular, one may introduce two parameter
functions b1(X) and b2 (X) so that the expression for the modiﬁed deformation gradient becomes:F ðXÞ ¼ ðI þ b1ðXÞðn1  n1Þ þ b2ðXÞðn2  n2ÞÞFDðXÞ ð23Þ
However, following some numerical eﬀort, it has been observed that an attempt to obtain a weak, ﬁnite
element-based solution for the slack region with the above deformation gradient faces considerable numerical
diﬃculties. As a computationally superior alternative, an attempt has therefore been made to study the wrin-
kling behaviour of membrane under the framework of a mesh-free method. For the approximation of ﬁeld
variables over the entire domain, an error reproducing kernel method (ERKM) by Shaw and Roy (2006)
has been used. Functional approximations via ERKM are ﬁrst discussed in the following section.4. The error reproducing kernel method (ERKM)
In this section an introduction to the ERKM for mesh-free approximation is given. The outline of the
method is as follows. The ﬁrst step is to approximate a function through NURBS basis functions. One
may recall from the properties of the NURBS basis function that it neither reproduces any polynomials spaces
beyond those spanned by aﬃne transformations (see Appendix A, A.5) nor interpolates the grid points. So the
approximated function results in uncontrolled (possibly large) errors almost everywhere in the domain, includ-
ing the nodal points. In the second step, this error function (resulting from the NURBS approximation in the
ﬁrst step) is reproduced via a diﬀerent (non-NURBS) family of basis functions. The non-NURBS basis func-
tions are so constructed that the approximated error function becomes a projection (of the original error func-
tion) within a polynomial vector space of a chosen dimension. The approximated error function is ﬁnally
added to the NURBS approximation of the function derived in the ﬁrst step. To start outlining the method
in further detail, a brief description of functional approximations via NURBS basis functions is ﬁrst provided
in the next subsection.4.1. Functional approximation through NURBS basis functions
Constructions of NURBS basis functions and its derivatives are brieﬂy described in Appendix A for a ready
reference. Towards a simple exposition with the least digression, functional approximations via NURBS basis
function in one dimension (n = 1, x = {x}) are discussed ﬁrst. The same theory will be extended in higher
dimensions. Now, a one-dimensional function parameterized as {x,u(x)} may be approximated by NURBS
basis functions as:
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XNP
i¼1
Rpi ðxÞui ð24Þ
xa ¼
XNP
i¼1
Rpi ðxÞxi ð25ÞIt is noted that Rpi ðxÞ is the ith NURBS basis function of degree p, given byRpi ðxÞ ¼
Ni;pðxÞwiPNP
i^1
Ni^;pðxÞwi^
ð26Þwhere {Ni,p(x)} is the set of B-spline basis functions of degree p deﬁned with respect to the original discreti-
zation X = {xi:i 2 [1,Np]} and {wi} is the set of weights so that its ith element is associated with ith control
point (node). In ERKM, error in the NURBS approximation is reproduced via a diﬀerent set of basis func-
tions, and thus weights {wi} may be absorbed as or assumed to be unity (so that the accrued error due to such
a choice of {wi} is thrown to the error function that would anyway be reproduced). Indeed, one has the ﬂex-
ibility to use {wi} as a spatially varying functions based on the data to be approximated. Several weight-based
shape modiﬁcation methods are available in the literature (Piegl and Tiller, 1995). It is only for purposes of a
simpler exposition that wi is taken as unity in the present study. Eq. (26) accordingly becomesRpi ðxÞ ¼
Ni;pðxÞPNP
i^1Ni^;pðxÞ
¼ Ni;pðxÞ: ð27ÞNote that B-spline basis functions Ni, p(x) constitute a partition of unity, i.e.,
PNP
i1Ni;pðxÞ ¼ 1. Unfortunately,
the approximated function uabsðxÞ is not within the convex-hull of the control polygon created by the
vertices {xi,ui:i 2 [1,Np]}. On the other hand, if one deﬁnes a new vector of discretization points as
Xa = {xa(xi):i 2 [1,Np]} and deﬁnes the B-spline approximation with respect to the new set of discretization
points Xa, then the approximated function would indeed be within the convex-hull of the control polygon with
vertices {xi,ui:i 2 [1,Np]}. However, in doing so, one has to introduce the new set of discretization points Xa
and it is certainly not desirable to work with more than one set of discretization points. To resolve this diﬃ-
culty, Eqs. (24) and (25) may ﬁrst be written in the vector form as:Uabs ¼ NU ; ð28Þ
Xa ¼ NX ; ð29Þwhere Uabs is the Np-dimensional vector of discretized approximations to u(x) at the set of grid points X and N
is the Np · Np invertible matrix whose elements are given by the discretized values of B-spline basis functions
over X. Since the B-spline functions are not interpolating, one has Uabs 6¼ U . It is also important to note that N
is not diagonally dominant, i.e., the basis function Ni,p is not a maximum at xi. While the curve uabsðxÞ, com-
puted using Eq. (24) as uabs ¼
PNP
i¼1Ni;pðxÞui, is not within the convex-hull of the function u(x), the function
uabsðxaÞ does remain within the convex-hull of u(x) using the coordinate transformations in Eqs. (28) or
(29). To ensure a monotonic convergence and simplicity of the algorithm, it is intended that the solution at
any stage remains within the convex-hull of the control polygon and that the discretization points remain
unaﬀected. Towards realizing these objectives, the following strategy is adopted. Let X ¼ fxi : xi 2 XgNPi¼1 be
a new discretization of the domain X such that X ¼ NX , i.e., X is obtained as X ¼ N1X . Let N be the B-
spline basis function matrix on the discretization X , i.e., the operator N is deﬁned as: Ni;pðxjÞ ¼ Ni;pðxjÞ, or,
NX ¼ NX . Using Eqs. (28) and (29), one then has:Uabs ¼ NU ; Xa ¼ X ¼ NX : ð30Þ
Since N is constructed such that it exactly recovers the original conﬁguration, one does not have to work
with two diﬀerent discretizations and the functional approximations always remain within the convex-hull
of the control polygon. Figs. 5 and 6 graphically show distributions of grid points in diﬀerent discretization
schemes and B-spline basis functions deﬁned on them. Fig. 7 shows how the approximations via N satisfy
X X a X
Fig. 5. Distributions of grid points in diﬀerent discretization schemes.
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Fig. 7. Cubic B-spline curve, control point locations are denoted by dots. Basis functions and knot vectors as in Fig. 5.
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tangent to the ﬁrst and last segments of the control polygon. It may also be observed that the approximation
via N does not satisfy the convex-hull property.
Since weights are assumed to be unity in the present study, higher dimensional NURBS basis functions may
be constructed by taking tensor products of B-spline basis functions in one-dimension as:Rpi;jðx; yÞ ¼ Ni;pðxÞ Nj;pðyÞ ð31Þ
Rpi;j;kðx; y; zÞ ¼ Ni;pðxÞ Nj;pðyÞ Nk;pðyÞ ð32Þwhere Rpi;jðx; yÞ and Rpi;j;kðx; y; zÞ are NURBS basis functions in 2- and 3-dimension, respectively. Moreover,
Ni;pðxÞ, Nj;pðyÞ and Nk;pðzÞ are the constituent B-spline basis functions in X, Y and Z directions respectively,
p is the degree of B-spline basis functions. For the sake of simplicity and uniformity, the notation Ri,p(x) will
henceforth be used for the ith NURBS basis function of degree p evaluated at x.
Tensor-product B-splines given by Eqs. (31) and (32) provide an excellent tool for the modeling of free form
surfaces and solids. However, it always requires rectangular patches to construct the basis functions and hence
modeling of largely irregular objects is very diﬃcult. But the major purpose behind the usage of NURBS (or
B-splines with weights as unity) as basis functions in the present approximation scheme is to bring in the local
support property (i.e., Ni,p(n) = 0 if n is outside the interval [ni,ni+p+1) with knot span {n1, n2, n3,
. . .nn+p+1jni 2 R}) as well as the convex-hull and variation-diminishing properties. This in turn helps ensure
convex and numerically stable approximation of a target function. Moreover since any order of continuity
(Ck,0 < k 6 p) can be achieved by B-spline basis functions, it can closely approximate functions even with dis-
continuous derivatives. Keeping this in mind, for an irregular domain (wherein NURBS on rectangular patch-
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function. A brief description of B-splines with closed knots is given in the next subsection.
4.1.1. B-spline with closed knots
The functional approximation through B-splines with closed knots is similar to that of the smooth particle
hydrodynamics (SPH) approach with B-spline kernel functions. Unlike B-splines with open knots, closed-knot
B-splines are not interpolating at the boundary. Fig. 8 shows a cubic B-spline deﬁned on the closed interval
[0,1] with the following knot vector.Fig. 8.
Fig. 9N ¼ f0:2; 0:1; 0; 0:1; 0:2; 0:3; 0:4; 0:5; 0:6; 0:7; 0:8; 0:9; 1:0; 1:1; 1:2g
Now any function u(x) may be approximated by B-spline basis functions as:uabsðxÞ ¼
XNP
i¼1
Ni;pðxÞui ð33ÞFor an irregular domain, B-spline basis functions in higher dimensions may be constructed by taking the ten-
sor product of B-spline basis functions in one dimension constructed over a locally rectangular patch (as
shown in Fig. 9). The locally rectangular patch may be interpreted as moving with the location of approxima-
tion x to cover the entire domain of interest.
4.2. Mesh-free shape functions
Let u(x), x 2 Rn be a function deﬁned on a simply connected open set X  Rn with a Lipschitz continuous
boundary and Pp = Pp(X) the vector space of the polynomials of degree 6p on X where p denotes the highest
degree of polynomials that can be reproduced by the mesh-free shape functions. Dimension of Pp is (p + n)!/0
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(with n > 0) to be an n-tuple of non-negative integers aj, a is referred to as the multi-index and its length is
deﬁned as jaj ¼Pni¼1ai. Then ath (Fre´chet) derivative of the function u(x) can be expressed as
DauðxÞ ¼ oa1x1 oa2x2 . . . oanx3 uðxÞ. Similarly deﬁne a! = a1!a2! . . .an! and xa ¼ x
a1
1 x
a2
2 . . . x
an
n . Let X ¼ X [ oX be
the (closed) domain of interest discretized by a set of grid points ffxigNPi¼1g  X so that one can deﬁne the
set of discretized function values fui¼D uðxiÞgNPi¼1. Then u(x) 2 C(X) may be approximated as:uaðxÞ ¼
XNP
i¼1
WiðxÞui ð34Þwhere,WiðxÞ ¼ Ri;pðxÞ þWiðxÞ ð35Þ
In Eq. (35), Ri,p(x) is the NURBS basis function of degree p (as in Section 4.1) and WiðxÞ is the basis function
to be obtained so as to reproduce the residue (i.e., the error function) as a projection onto a ﬁnite-dimensional
polynomial (vector) space. Details of the functional approximation through NURBS are already outlined in
Section 4.1. WiðxÞ may now be written as:WiðxÞ ¼ Cðx xiÞ/aiðx xiÞ ð36Þ
where ai 2 R+ is the dilation parameter associated with the ith node (particle), f/i¼D /ðx xiÞg is a set of ﬁnite-
ly and compactly supported basis functions (also called window or weight functions) with /i centered at xi,
/a(x) = /(x/a) is the a-dilated basis function. Moreover, C(x  xi) is presently referred to as the correction
function and may be expressed as:Cðx xiÞ ¼ HTðx xiÞbðxÞ ð37Þ
where HT(x  xi) = {(x  xi)a}jaj6p is a set of monomial basis functions and b(x) = {ba(x)}jaj6p are coeﬃcient
functions that may be interpreted as moving with the location of approximation x. From Eqs. (36) and (37),
Eq. (35) may now be written as:WiðxÞ ¼ Ri;pðxÞ þHTðx xiÞbðxÞ/aiðx xiÞ ð38Þ
The coeﬃcient function vector b(x) is determined from the following reproducing conditions:XNP
i¼1
WiðxÞxai ¼ xa; jaj 6 p ð39Þ
)
XNP
i¼1
WiðxÞðx xiÞa ¼ djaj;0; jaj 6 p ð40Þ
)
XNP
i¼1
½Ri;pðxÞ þHTðx xiÞbðxÞ/aiðx xiÞHðx xiÞ ¼ Hð0Þ ð41Þ
)
XNP
i¼1
Ri;pðxÞHðx xiÞ þ
XNP
i¼1
HTðx xiÞbðxÞ/aiðx xiÞHðx xiÞ ¼ Hð0Þ ð42Þ
)MðxÞbðxÞ ¼ Hð0Þ 
XNP
i¼1
Ri;pðxÞHðx xiÞ ð43Þ
where;
bðxÞ ¼M1ðxÞ Hð0Þ 
XNP
i¼1
Ri;pðxÞHðx xiÞ
" #
ð44Þ
and
MðxÞ ¼
XNP
i¼1
Hðx xiÞHTðx xiÞ/aiðx xiÞ ð45Þ
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expressed as:WiðxÞ ¼ Ri;pðxÞ þ Hð0Þ 
XNP
i¼1
Ri;pðxÞHðx xiÞ
" #T
M1ðxÞHðx xiÞ/aiðx xiÞ ð46Þ4.3. Derivatives of shape functions
Numerically accurate and stable computations of derivatives play an important role in the performance of a
mesh-free algorithm applied to solve any diﬀerential equation. A computationally eﬃcient and numerically
accurate scheme for computing derivatives of ERKM basis functions is outlined in this section. It is based
on the premise that ath derivatives of mesh-free basis functions will exactly reproduce ath derivatives of an
arbitrary polynomial belonging to the space Pp of polynomials of degree jaj 6 p. Thus following Liu et al.
(1997), consistency relations for derivatives of mesh-free basis functions for / 2 Ck(X) are:XNP
i¼1
DbWiðxÞðx xiÞa ¼ ð1Þjbja!dba; 8jbj 6 k; jaj 6 p ð47ÞNow, let WðbÞi ðxÞ¼D DbWiðxÞ be another family of ERKM basis functions, which exactly reproduce bth deriv-
atives of elements in the space Pp for jaj 6 p and "jbj 6 k. Then Eq. (47) may be written as:XNP
i¼1
WðbÞi ðxÞðx xiÞa ¼ ð1Þjbja!dba; 8jbj 6 k; jaj 6 p ð48ÞNow, WðbÞi ðxÞ can be written in terms of its two constituent functions as:
WðbÞi ðxÞ ¼ RðbÞi;p ðxÞ þWðbÞi ðxÞ ð49ÞRðbÞi;p ðxÞ in Eq. (49) is the bth derivative of NURBS basis function and WðbÞi ðxÞ is the basis function to be so
obtained as to reproduce the bth derivative of the error function (residue) as a projection onto an appropriate
polynomial space. Details of derivative constructions of NURBS are given in Appendix A. Now Eq. (48) may
be written as:XNP
i¼1
½RðbÞi;p ðxÞ þWðbÞi ðxÞHðx xiÞ ¼ ð1ÞjbjH ðbÞð0Þ; 8jbj 6 k ð50Þwhere H ðbÞðxÞ¼D DbHðxÞ is the bth derivative of the monomial basis function vector H(x) and is given by:H ðbÞðxÞ ¼ a!ða bÞ! x
eab : eab ¼ ða bÞ if b 6 jaj and 0 if b > jaj
 
ð51ÞNote that H(0)(x) = H(x). For example, in the one-dimensional case (n = 1), one has:H ð0Þ ¼ HðxÞ ¼ f1; x; x2; x3 . . . . . . . . . xpg ð52Þ
H ð1Þ ¼ f0; 1; 2x; 3x3 . . . . . . . . . pxp1g ð53Þ
H ð2Þ ¼ f0; 0; 2; 6x . . . . . . . . . pðp  1Þxp2g ð54ÞWðbÞi ðxÞ may now be written as:
WðbÞi ðxÞ ¼ Cbðx xiÞ/aiðx xiÞ ð55ÞCb(x  xi) = HT(x  xi)bb(x) is the correction function for reproducing bth derivatives and
bbðxÞ ¼ fbbaðxÞgjaj6p is the vector of unknown coeﬃcients. Eq. (50) may now be written as:
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i¼1
½RðbÞi;p ðxÞ þHTðx xiÞbðbÞðxÞ/aiðx xiÞHðx xiÞ ¼ ð1ÞjbjH ðbÞð0Þ ð56Þ
)
XNP
i¼1
RðbÞi;p ðxÞHðx xiÞ þ
XNP
i¼1
HTðx xiÞbðbÞðxÞ/aiðx xiÞHðx xiÞ ¼ ð1ÞjbjH ðbÞð0Þ ð57Þ
)
XNP
i¼1
HTðx xiÞ/aiðx xiÞHðx xiÞ
" #
bðbÞðxÞ ¼ ð1ÞjbjH ðbÞð0Þ 
XNP
i¼1
RðbÞi;p ðxÞHðx xiÞ ð58Þ
)MðxÞbðbÞðxÞ ¼ ð1ÞjbjH ðbÞð0Þ 
XNP
i¼1
RðbÞi;p ðxÞHðx xiÞ ð59Þwhere M(x) is moment matrix as given in Eq. (45). Now, from Eq. (59), b(b)(x) may be written as:bðbÞðxÞ ¼M1ðxÞ ð1ÞjbjH ðbÞð0Þ 
XNP
i¼1
RðbÞi;p ðxÞHðx xiÞ
" #
ð60ÞUsing Eqs. 49, 55 and 60, the bth derivative of the mesh-free shape function Wi(x) may ﬁnally be expressed
as:WðbÞi ðxÞ ¼ ð1ÞjbjH ðbÞð0Þ 
XNP
i¼1
RðbÞi;p ðxÞHðx xiÞ
" #T
M1ðxÞHðx xiÞ/aiðx xiÞ ð61ÞIt is of interest to note that determinations of the derivatives of ERKM basis functions as given by Eq. (61) do
not require gradient computations of the moment matrix and correction functions unlike the usual RKPM
and MLS approximations. This makes the present scheme faster and less error-prone especially while comput-
ing higher order derivatives. Some important properties of the error reproducing kernel approximation are as
noted below.
1. If Ri;pðxÞ 2 Ckb and WiðxÞ 2 Ckc then WiðxÞ 2 Cminðkb;kcÞ for non-negative integers kb, kc
2. Shape functions Wi form a partition of unity, i.e.,
PNP
i¼1WiðxÞ ¼ 1 8x 2 X
3. Since only derivatives of polynomials are required to construct the derivatives of shape functions, diﬀer-
entiability requirements of the weight functions /(x) can be abandoned. Any continuous and monotoni-
cally decreasing function with compact support can be used as a weight function. Moreover since the
major part of the functional approximation is through Ri,p(x) and WiðxÞ is just required to correct the
errors (supposedly of an order of magnitude less) while approximating a target function, the proposed
scheme is far more insensitive to the support size of the weight function /(x) than most other mesh-free
approximations.
4. Any desired order of continuity (including C0) can be achieved by repeating the knots at any selected point
over the knot span and hence the proposed ERKM can closely approximate functions even with discontin-
uous derivatives. Moreover, thanks to the variation diminishing property of NURBS, it has advantages in
negotiating sharp functional variations without much of numerical instability.
5. In most cases with arbitrary domain geometries, we need to use NURBS with closed knots, which is not
interpolating at the boundary. A special treatment is therefore required to impose the essential boundary
conditions precisely.
Now consider the following choice for /(x) with its plot shown in Fig. 10:/ðxÞ ¼ ð1 jxjÞ
4 for jxj 6 1
0 for jxj > 1
(
ð62ÞFig. 11 shows the corresponding ERKM shape function Wi(x) and its ﬁrst derivative along with the two con-
stituent functions Ri,p(x) andWiðxÞ in one-dimension. Two-dimensional ERKM shape functions and their ﬁrst
derivatives are shown in Figs. 12 and 13, respectively.
-0.4
-0.2
0
0.2
0.4
0.6
0.8
1
1.2
0.3 0.4 0.5 0.6 0.7
-20
-15
-10
-5
0
5
10
15
20
0.3 0.4 0.5 0.6 0.7
 
 )x(i)x(i)x(, piR
 
Ψ Ψ
Fig. 11. One-dimensional example of ERKM with p = 5 and piecewise polynomial weight function as given in Eq. (62); (a) two
constituent functions Ri,p(x) and WiðxÞ, and (b) the ﬁrst derivatives of the mesh-free shape function Wi (x) and its constituent parts.
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Fig. 10. /(x) with discontinuous derivative as in Eq. (62).
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The strong form of equilibrium equations may be written as:$  r ¼ 0 ð63Þ
where $ is the gradient operator on the tangent space TM associated with deformed (ﬁctive) conﬁguration M
and r is the real Cauchy stress tensor. The weighted residual form of the equilibrium Eq. (63) over the closed
domain X ¼ X [ oX may then be written as:Z
X
ð$  rÞ  hdX ¼ 0 ð64Þwhere h is a kinematically consistent (but arbitrary otherwise) vector function. Integrating Eq. (64) by parts
and applying Gauss’ theorem, one arrives at:Z
X
r : ð$hÞT
h i
dX ¼
Z
oX
nA  ½rh dðoXÞ ð65Þ
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Fig. 12. ERKM basis functions in 2D with the piecewise polynomial weight function as given by Eq. (62); (a) Ri,p(x) with cubic B-spline
basis functions; (b) error function WiðxÞ and (c) ERKM shape function Wi(x).
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Fig. 13. First derivatives of the ERKM basis functions in 2D with the piecewise polynomial weight function as in Eq. (62); (a) ﬁrst
derivative of Ri,p(x) with cubic B-spline basis functions; (b) ﬁrst derivative of the error function WiðxÞ and (c) ﬁrst derivative of the ERKM
shape function Wi (x).
A. Shaw, D. Roy / International Journal of Solids and Structures 44 (2007) 3939–3972 3955Transforming to the undeformed (initial) conﬁguration M0, Eq. (65) may be recast in ﬁnal form as (Rodd-
eman et al., 1987):Z
X0
p : ð$0hÞT dV 0 ¼
Z
oX00
f 0  h dðoX0Þ ð66Þwhere p = S1(Jr) is the ﬁrst Piola–Kirchhoﬀ (non-symmetric) stress tensor; S is the deformation gradient (of
TMD with respect to TM0) without considering variations in membrane thickness and f0 is the force on the
deformed surface transformed to the initial surface and $0 is the gradient operator with respect to the initial
conﬁguration. Eq. (66) may be solved by means of the ﬁnite element method. In Roddeman et al. (1987) the
membrane in its reference conﬁguration is divided into a number of elements with constant strains and stresses
3956 A. Shaw, D. Roy / International Journal of Solids and Structures 44 (2007) 3939–3972and uniform b across each element. For any ﬁnite element size, the deformation gradient on the ﬁctive surface
via Roddeman’s theory would be discontinuous and this does not seem to be consistent with the physics of the
problem. In the present study, the entire domain (discretized by a set of particles) is divided into wrinkled or
slack and non-wrinkled/non-slack zones taking b (X) = b(x,y) and b2(X) = b(x,y,z) as spatially varying, dif-
ferentiable functions, which may be discretized and interpolated in addition to the other dependent variables.
The weak form in Eq. (66) is then solved using the ERKM method.
5.1. Approximation of ﬁeld variables and computations of deformation and stress tensors
Recall Fig. 3 that if P0 is a material point of an elastic body in its initial conﬁgurationM0, PD0 is the image
of P0 on deformed conﬁgurationMD, and X0, XD0 are, respectively, the coordinate vectors of P0, PD0 then the
actual deformation vector of P0 may be deﬁned as uD0 = XD0  X0. Now let the domain of interest
X ¼ X [ oX be discretized by a set of particles ffX i 2 R3gNPi¼1g  X so that one can approximate the coordinate
vectors of the material point P0 and PD0 as:X0 ¼
XNP
i¼1
Wiðx; y; zÞX0i þ n3D0n03 ð67Þ
XD0 ¼
XNP
i¼1
Wiðx; y; zÞXD0i þ n3Dn3 ð68Þwhere, Wi(x,y,z) is ERKM shape functions, NP is the number of nodal points, X0i and XD0i are the position
vectors of the ith nodal point in initial (M0) and deformed (MD) conﬁgurations, respectively, D0 and D are the
membrane thicknesses in initial and deformed conﬁgurations, respectively. Moreover, n03 and n3 are the direc-
tion cosines perpendicular to the plane of the ﬁctive non-wrinkled membrane in initial and deformed conﬁg-
urations respectively and n3 is the material coordinate in the direction perpendicular to the plane of the
membrane. Deﬁning ~n03 ¼ n3D0n03 and ~n3 ¼ n3Dn3, Eqs. (67) and (68) may be written as:X0 ¼
XNP
i¼1
Wiðx; y; zÞX0i þ ~n03 ð69Þ
XD0 ¼
XNP
i¼1
Wiðx; y; zÞXD0i þ ~n3 ð70ÞNow base vectors in the initial conﬁguration are given by:c01 ¼ oX0ox ¼
XNP
i¼1
Wi;xðx; y; zÞX0i þ ~n03;x ð71Þ
c01 ¼ oX0oy ¼
XNP
i¼1
Wi;yðx; y; zÞX0i þ ~n03;y ð72Þ
c01 ¼ oX0oz ¼
XNP
i¼1
Wi;zðx; y; zÞX0i þ ~n03;z ð73ÞSimilarly base vectors in the deformed conﬁguration are obtainable as:c1 ¼ oXD0ox ¼
XNP
i¼1
Wi;xðx; y; zÞXD0i þ ~n3;x ð74Þ
c2 ¼ oXD0oy ¼
XNP
i¼1
Wi;xðx; y; zÞXD0i þ ~n3;y ð75Þ
c3 ¼ oXD0ox ¼
XNP
i¼1
Wi;zðx; y; zÞXD0i þ ~n3;z ð76ÞThe reciprocal vectors in the initial conﬁguration, required to obtain the deformation gradient, are given by:
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c02  c03
c03  ðc01  c02Þ ð77Þ
c02 ¼
c03  c01
c03  ðc01  c02Þ ð78Þ
c03 ¼
c01  c02
c03  ðc01  c02Þ ð79ÞNow, deformation gradient and stress tensors, which are functions of the material point, are given by:F ðx; y; zÞ ¼ oXD0
oX0
¼ oXD0
ox
 ox
oX0
þ oXD0
oy
 oy
oX0
þ oXD0
oz
 oz
oX0
ð80Þ
¼c1  c01 þ c2  c02 þ c3  c03 ð81ÞSimilarly, the deformation gradient without considering a change in thickness may be obtained as:Sðx; y; zÞ ¼ c^1  c01 þ c^2  c02 þ c^3  c03 ð82Þ
where, c^1, c^2 and c^3 are the base vectors in the deformed conﬁguration without considering the change in thick-
ness and given as:c^1 ¼ oXD0ox ¼
XNP
i¼1
Wi;xðx; y; zÞXD0i þ n^3;x ð83Þ
c^2 ¼ oXD0oy ¼
XNP
i¼1
Wi;xðx; y; zÞXD0i þ n^3;y ð84Þ
c^3 ¼ oXD0ox ¼
XNP
i¼1
Wi;zðx; y; zÞXD0i þ n^3;z ð85ÞNote thatn^3 ¼ n3D0n3 ð86Þ
As discussed in Section 3, the real stresses in a wrinkled membrane may be determined by modifying the defor-
mation tensor in the constitutive equation as:ðJrÞðx; y; zÞ ¼ Fðx; y; zÞHðEðx; y; zÞÞFTðx; y; zÞ ð87Þ
pðx; y; zÞ ¼ S1ðx; y; zÞðJrÞðx; y; zÞ ð88ÞFðx; y; zÞ denotes the modiﬁed deformation gradient and is given by:
Fðx; y; zÞ ¼ ½I þ b1ðx; y; zÞn1ðx; y; zÞ  n1ðx; y; zÞ þ b2ðx; y; zÞn2ðx; y; zÞ  n2ðx; y; zÞFðx; y; zÞ ð89Þwhere I is the unit tensor. Since for an isotropic material the principal directions after wrinkling is same as the
principal directions in the ﬁctive non-wrinkled scenario, the direction of the principal Cauchy frame is known
apriori. The only unknowns are wrinkliness parameter functions b1, b2 and the membrane thickness D. These
may be obtained based on the state of stress at a membrane position (x,y,z) as discussed in the following
subsection.
5.2. Check for taut, wrinkled and slack regions
Once the Cauchy stress tensor is obtained, a material point is checked for possible wrinkling/slacking based
on the principal stresses and principal strains as in Table 1 (Roddeman et al., 1987).
1. If the material point is taut then b1 and b2 may be taken as zero and membrane thickness D is obtained
from the plane stress conditions as:n3  ðJrÞn3 ¼ 0 ð90Þ
Table 1
Combined wrinkling/slacking criteria based on principal stress and principal strains (rIIP rI)
Stress and strain state Wrinkling Membrane
rIIP 0 No Taut
eI > 0 and rII 6 0 One axial Wrinkled
eI 6 0 Two axial Slack
3958 A. Shaw, D. Roy / International Journal of Solids and Structures 44 (2007) 3939–39722. If the material point is wrinkled then b2 may be taken as zero. b1 and the membrane thickness D are deter-
mined by using the coupled conditions:
(a) there is no stress in n1 direction, i.e.,:n1  ðJrÞn1 ¼ 0 and; ð91aÞ
(b) the membrane is in a state of plane stress, i.e.,
n3  ðJrÞn3 ¼ 0 ð91bÞ
3. If the material point is slack then.b1, b2 and D are determined by using the coupled conditions:
(a) there is no stress in n1 direction, i.e.,n1  ðJrÞn1 ¼ 0 ð92aÞ
(b) there is no stress in n2 direction, i.e.,
n2  ðJrÞn2 ¼ 0 ð92bÞ
(c) the membrane is in a state of plane stress, i.e.,
n3  ðJrÞn3 ¼ 0 ð92cÞ
It is to be noted that slack regions could have been accounted for simply by setting all the component of Jr
to zero. But the idea of introducing another wrinkliness parameter b2 for a slack region is to measure the prin-
cipal stretches required for the transformation of the membrane part from slack to just-taut condition
(Fig. 14). The authors believe that these measures of principal stretches could be used to approximately study
the wrinkled/slack proﬁles of the membrane without going into a detailed shell theory. This issue will be
addressed to in greater detail in a future study.
Using Eq. (87) through (91a,91b), it is possible to derive expressions for Jr, which can be represented by:Fig. 14
coordiJr ¼ ðrkÞð3Þuk; uk 2 R3 ð93Þ. (a) Direction of principal Cauchy frame is indicated by the angle a; (b) a triangular element, n1, n2 and n3 constitute the material
nates.
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(3) 2 R3 ·3 ·3 is a
third-order tensor. Using the shape functions introduced in Eq. (46) as the test function vector h [as in Eq.
(64)], one obtains the ﬁnally projected (discretized) form of the response equations as:K lkðUÞuk ¼ f l ð94Þ
Klk is the (l,k)th 3 · 3 sub-matrix of the non-linear stiﬀness matrix, U = {uk} is the discretized displacement
vector and fl 2 R3 is the prescribed nodal force on node l.
5.3. Integration issues
This section deals with the issues related to numerical integration of the weak form given in Eq. (66). In the
present study Galerkin approach is used where the test function (h) and trial function (uD0) are approximated
by the same ERKM basis function Wi(x) given by Eq. (46). Derivatives of basis functions used in Eqs.
(74)–(76) and Eqs. (83)–(85) to construct the base vectors may be obtained by Eq. (61). Once the modiﬁed
stress tensor p(x,y,z) is obtained by Eq. (88) following the wrinkling criterion of Section 5.2, Eq. (66) may
be integrated by Gauss quadrature. For the purpose of numerical integration a background mesh is required.
Towards this, the Delaunay triangulation technique (Delaunay, 1934) is used to generate the background
mesh. Then mesh vertices are used as the ﬁeld nodes (particles). Indeed, this choice of background mesh
may need a large number of integration cells than actually required for the same particle distribution and a
given consistency. However, as reported by Liu (2003), for such choice of background mesh, only three Gauss
points in each triangular cell are suﬃcient for a large class of problems. In this case, for instance, given that we
use a far smaller characteristic size, b, of the background triangular cell vis-a`-vis the characteristic support
size, a, of ERKM basis functions and that the degree of polynomials reproduced is limited to p = 3 [thereby
ensuring a formal accuracy of O(a2p1)], a 3-point Gauss quadrature naturally turns out to be adequate.
6. Numerical examples
The present section is concerned with the numerical explorations of the proposed method for a class mem-
brane problems with mixed state of stress (i.e., taut, wrinkled and slack). The material of the membrane has
been consistently assumed to be linear and isotropic with E = 100 Mpa, m = 0.3, D0 = 1 mm. NURBS with
p = 3 have been used for constructing the ERKM shape functions. In all the examples to follow, the
fourth-order piecewise polynomial weight function [Eq. (62)] has been employed to construct the error func-
tions. As a ﬁrst example, consider a plane triangular membrane with L = 1000 mm subjected to a concentrated
force P = 100 N as shown in Fig. 15. Fig. 16 shows the orientation of wrinkles. Spatial distributions of b1 and
b2 are shown in Figs. 17 and 18, respectively. From Fig. 17, it may be readily seen that the value of wrinkliness
parameter b1 is more in a region near the tip than other parts of the membrane and this indicates higher wrin-
kliness around the tip of the membrane. Moreover vanishing b2 almost everywhere except over a very small
region (Fig. 18) indicates a barely minimal formation of slack zones under the given loading condition. In the
second example, the same triangular membrane is used. However, a horizontal displacement of 2 mm is now
applied at the tip (see Fig. 19). Distribution of b1 and b2 are shown in Figs. 20 and 21, respectively. In contrast
with the ﬁrst example, non-zero b1 and b2 are presently obtained over the right side (in the direction of sway)
of the membrane (Figs. 20 and 21). This indicates a considerable formation of slack zones over the right side of
the membrane. The left side, however, remains taut (b1 = b2 = 0). Distributions of b1 and b2 for the ﬁrst two
examples are also intuitively consistent with the physics of the problems. Next, a square membrane (with
L = 500 mm as shown in Fig. 22) is considered. Orientations of wrinkles are shown in Fig. 23. Figs. 24 and
25 show the distributions of b1 and b2, respectively. It is noteworthy that the orientation of wrinkles
(Fig. 23) is in good agreement (via a purely visual comparison) with the results reported in Blandino et al.
(2002) and Su et al. (2003) through a tension-ﬁeld theory. As a last example, an annular membrane with
an outer radius R = 300 mm and an inner radius r = 50 mm has been considered. An anti-clockwise rotation
of 0.92 is applied as indicated in Fig. 26. The following properties have been considered in the example
(Miyamura, 2000): ED = 1022 kgf/cm, m = 0.267(1 kgf = 9.81 N). The orientation of wrinkles and distribu-
tion of b1 are shown in Figs. 27 and 28, respectively. Experimental results on the wrinkling of a stretched
P 
L 
L 
Fig. 15. A triangular membrane subjected to a vertical load at the tip.
Fig. 16. Orientations of wrinkles (tension rays) in the triangular membrane shown in Fig. 10.
3960 A. Shaw, D. Roy / International Journal of Solids and Structures 44 (2007) 3939–3972circular membrane under in-plane torsion are reported in Miyamura (2000). Considering the same problem,
the orientation of wrinkles, shown in Fig. 27, is observed to be in good agreement with the experimental
results (see, e.g., Fig. 17 in Miyamura, 2000).
Finally to have an understanding of the sensitivity of the ERKM to support sizes of the window function, a
parametric study is undertaken. Towards this, a rectangular membrane with corner loads (Fig. 22) is consid-
ered. Horizontal (x-direction) displacement is obtained at (L/2, L/2) via the ERKM for diﬀerent support sizes
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Fig. 17. The distribution of b1.
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Fig. 19. A triangular membrane subjected to a 2-mm horizontal displacement at the tip.
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3962 A. Shaw, D. Roy / International Journal of Solids and Structures 44 (2007) 3939–3972of the window function in the range (amin–20amin) where amin is the minimum support size of the window func-
tion required for the moment matrix to be invertible. The results are compared with those via MLS in Table 2.
It is evident that, as compared to MLS, ERKM-based mesh-free solutions are far less sensitive to the choice of
support sizes.
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Fig. 22. Geometry and loading scheme for a square membrane.
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A weak, element-free formulation for analyses of wrinkled/slack membranes is presented and numerically
explored to an extent in this paper. A NURBS-based error reproducing kernel method (ERKM) has been used
to approximate the ﬁeld variables over the domain. In this method a target function is ﬁrst approximated via
NURBS basis functions. Next, the error (residual) function in the NURBS approximation is reproduced
through a diﬀerent (non-NURBS) family of basis functions. The error-correcting basis functions are so
constructed that they can reproduce the original error function as a projection onto an appropriate,
Fig. 23. The orientation of wrinkles.
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Fig. 24. The distribution of b1.
3964 A. Shaw, D. Roy / International Journal of Solids and Structures 44 (2007) 3939–3972ﬁnite-dimensional polynomial (vector) space. Finally the projected error function is added to the NURBS
approximation of the target function. The use of NURBS to construct one of these families of basis functions
helps bring in locally the convex-hull and variation diminishing properties in the approximation in a seamless
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Fig. 25. The distribution of b2.
θ
Fig. 26. A circular membrane subjected to a rotation of h = 0.92 at the hub.
A. Shaw, D. Roy / International Journal of Solids and Structures 44 (2007) 3939–3972 3965manner. This in turn ensures a numerically stable and convex approximation of a large class of target func-
tions. Moreover, since the derivatives of the ERKM shape functions are reproduced based on their projections
onto appropriate polynomial spaces, the diﬀerentiability requirements of weight functions can be completely
removed. This allows for a more ﬂexible choice of weight functions unlike most other mesh-free approxima-
tions (MLS or RKPM). Moreover treating the wrinkliness/slackness parameters b1 and b2 as spatially varying
Fig. 27. The orientation of wrinkles.
Fig. 28. The distribution of b1.
Table 2
Horizontal displacement (mm) of the membrane shown in Fig. 22 at (L/2, L/2) for diﬀerent support size of the weight function (B-spline
with open knots)
amin 2amin 3amin 4amin 10amin 20amin
ERKM 0.354 0.354 0.355 0.383 0.423 0.424
MLS 0.360 0.439 1.144 455.8 — —
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A. Shaw, D. Roy / International Journal of Solids and Structures 44 (2007) 3939–3972 3967functions is yet another new feature of this work. It is shown that spatially continuous and diﬀerentiable
(almost everywhere) parameter functions b1(X) and b2(X) may be used to modify the deformation gradient
and thus compute the solution projected on a ﬁctive just-taut (non-wrinkled/non-slack) surface. There is thus
a non-trivial departure of the proposed method from the one developed earlier by Roddeman et al. (1987).
Through limited numerical illustrations, it is veriﬁed that the present formulation allows for a spatially accu-
rate determination of wrinkled/slack locations and orientations. Since one has b1(X) > 0 (and b2(X) > 0) only
over the wrinkled (slack) regions, it follows that b1 (X)(and b2(X)) are spatially localized and compactly sup-
ported. It is thus anticipated that the use of wavelet-based functions within a mesh-free framework may help in
a more accurate and elegant prediction of the parameter functions with signiﬁcantly lesser computational
costs. The authors are also in the process of developing a mesh-free Cosserat membrane theory for a precise
prediction of deformed membrane shapes with wrinkled and/or slack zones.Appendix A
A.1. B-spline basis functions
B-spline curves are generalization of Be´zier curves. The recursive deﬁnition (Cox–eBoor algorithm) of the
ith normalized B-spline basis functions of degree p (order p + 1) is0.2
0
0.7
a
Fig. A
uniformNi;0ðnÞ ¼
1 if ni 6 n 6 niþ1
0 otherwise

ðA:1Þ
Ni;pðnÞ ¼ n niniþ1  ni
N i;p1ðnÞ þ
niþpþ1  n
niþpþ1  niþ1
Niþ1;p1ðnÞ; i ¼ 1; 2; 3; . . . nþ p þ 1 ðA:2Þwhere, N = {n1, n2, n3, . . ., nn+p+1jni 2 R} is a non-decreasing sequence of real numbers called knot vector, p is
the degree of polynomial and n is the number of basis functions. In the above deﬁnition it is assumed that 0/0
is replaced by 0. If knots are equally spaced they are called uniform. Knots can be repeated at the same coor-
dinate in the parametric space. A knot vector is said to be open if its ﬁrst and last knots appear p + 1 times.
Basis functions in one dimension formed from the open knot vector are interpolatory at the ends of the para-
metric space N = [n1,nn + p+1]. Although Ni,p(n) is deﬁned everywhere on the real line, it has non-zero values
only in the interval [ni,ni+p+1) because of its local support property. An example of a cubic basis function for a
uniform knot vector (open and closed) is presented in Fig. A.1.A.1.1. Derivatives of B-spline basis functions
The kth derivative of B-spline basis functions in terms of the functions Ni,pk, . . ., Ni+k,pk is given by:0
5
.5
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b
.1. The cubic B-spline basis function for (a) uniform knot vector N = {0,0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0}, (b) open
knot vector N = {0, 0, 0, 0, 0.25, 0.5, 0.75, 1.0, 1.0, 1.0, 1.0}.
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p!
ðp  kÞ!
Xk
j¼0
ak;jN iþj;pk ðA:3Þwitha0;0 ¼ 1 ðA:4Þ
ak;0 ¼ ak1;0niþpkþ1 þ ni
ðA:5Þ
ak;j ¼ ak1;j  ak1;j1niþpþjkþ1 þ niþj
j ¼ 1; . . . ; k  1 ðA:6Þ
ak;k ¼ ak1;k1niþpþ1 þ niþk
ðA:7ÞNote that the denominators involving knot diﬀerences can became zero; the quotient is deﬁned to be zero in
this case. The kth derivative of B-spline basis functions may also be computed as (Butterﬁeld, 1976):N ðkÞi;p ðnÞ ¼
p
p  k
n ni
niþ1  ni
N ðkÞi;p1ðnÞ þ
niþpþ1  n
niþpþ1  niþ1
N ðkÞiþ1;p1ðnÞ
 
; k ¼ 0; . . . ; p  1 ðA:8ÞSome important properties of B-spline basis functions:
1. The local support property: Ni,p(n) = 0 if n is outside the interval [ni,ni+p+1).
2. In any given knot span, [ni,ni+1), at most p + 1 of Ni,p(n) are non-zero, namely the functions Njp,p, . . .,Nj,p.
For example, the only cubic functions not zero on [n3,n4) are N0,3, . . .,N3,3.
3. Non-negativity: Ni,p(n)P 0 "i,p,n
4. Partition of unity: For an arbitrary knot span [ni,ni+1), one has
Pi
j¼ipNj;pðnÞ ¼ 1, " n 2 [ni,ni+1).
5. All derivatives of Ni,p(n) exist in the interior of a knot span. At a knot, Ni,p(n) is p  k times continuously
diﬀerentiable, where k is the multiplicity of the knot. Hence, increasing the degree increases continuity, and
increasing knot multiplicity decreases continuity.
6. Except for the case p = 0, Ni,p(n) attains exactly one maximum value.
A.2. B-spline curves
Using the B-spline basis function discussed in Section A.1, B-spline curves may be constructed as:CðnÞ ¼
XNP
i¼1
Ni;pðnÞP i ðA:9Þwhere, Pi are the coeﬃcients of B-spline basis functions. They are called control points. In general control
points are not interpolated by B-spline curves. It deﬁnes the shape of a curve and the polygon formed by
{Pi} is called the control polygon. An example of a cubic B-spline curve on an open uniform knot is shown
in Fig. A.2.
A.2.1. Derivatives of B-spline curves
Derivatives of B-spline curve may be computed according to the following rule.
1. When n is ﬁxed:CðkÞðnÞ ¼
XNP
i¼1
N ðkÞi;p ðnÞP i ðA:10Þwhere, C(k)(n) and N ðkÞi;p ðnÞ denote the kth derivative of C(n) and Ni,p(n), respectively. N ðkÞi;p ðnÞ may be computed
as discussed in Section A.1.1.
Fig. A.2. A Cubic B-spline curve on an open uniform knot vector N = {0, 0, 0, 0, 0.25, 0.5, 0.75, 1.0, 1.0, 1.0, 1.0}, basis functions are
shown in Fig. A.1(b).
A. Shaw, D. Roy / International Journal of Solids and Structures 44 (2007) 3939–3972 39692. When n is not ﬁxed: without ﬁxing n, derivatives of pth degree B-spline curve may be computed as:CðkÞðnÞ ¼
Xnk
i¼1
Ni;pkðnÞP ðkÞi ðA:11Þ
with
P ðkÞi ¼
P i k ¼ 0
pkþ1
niþpþ1niþk P
ðk1Þ
i  P ðk1Þi
 
k > 0
(
ðA:12Þ
and
NðkÞ ¼ 0; . . . ; 0|ﬄﬄﬄ{zﬄﬄﬄﬄ}
pkþ1
; npþ1; . . . nn; 1; . . . 1|ﬄﬄ{zﬄﬄ}
pkþ1
8<
:
9=
; ðA:13ÞA few important properties of B-spline curves are as indicated below.
1. They have continuous derivatives of order p–k, where k is multiplicity of knot. Hence in the absence of any
repeated knot or control points it is p  1 times continuously diﬀerentiable.
2. Aﬃne invariance: any aﬃne transformation can be obtained by applying the transformation to the control
points.
3. Strong convex-hull property: the approximated curve is contained in the convex-hull of its control polygon
4. Variation diminishing property: no straight line intersects the curve more times than it intersects the curve’s
control polygon. This expresses the property that a B-spline curve follows its control polygon rather closely
and does not wiggle more than its control polygon.A.3. B-splines in higher dimension
Higher dimensional B-spline basis function may be constructed by taking the tensor product of B-spline
basis functions in one dimension.A.3.1. B-spline surface
A B-spline surface is obtained by taking a bidirectional net of control points, two knot vectors and the
products of univariate B-spline functions:Sðn; gÞ ¼
XNPn
i¼1
XNPg
j¼1
Ni;pðnÞNj;qðgÞP ij ðA:14Þwhere Ni,p(n) and Nj,q(g) are two diﬀerent sets of one dimensional B-spline basis functions of orders p and q
respectively. Moreover, they are deﬁned on the knot vectors N = {n1,n2,n3, . . .,nn+p+1jni 2 R} and
3970 A. Shaw, D. Roy / International Journal of Solids and Structures 44 (2007) 3939–3972N ¼ fg1; g2; g3 . . . gnþqþ1jgi 2 Rg, respectively. Note that {Pij}, i = 1,2, . . .,NPn, j = 1,2, . . .,NPg is the control
net.A.3.2. B-spline solids
B-spline solids are deﬁned in a fashion analogous to the deﬁnition of B-spline surfaces. Given a control net
{Pijk}, i = 1,2, . . .NPn, j = 1,2,. . .,NPg, j = 1,2, . . .NP1 and knot vectors N = {n1,n2, n3, . . .,nn+p+1jni 2 R},
N ¼ fg1; g2; g3 . . . . . . gnþqþ1jgi 2 Rg and ~N ¼ f11; 12; 13 . . . . . . 1nþrþ1j1i 2 Rg, a B-spline solid is deﬁned as:Sðn; g; 1Þ ¼
XNPn
i¼1
XNPg
j¼1
XNP1
k¼1
Ni;pðnÞ Nj;qðgÞ Nj;rð1ÞP ijk ðA:15ÞA.4. The non-uniform rational B-spline (NURBS)
The rational basis function in one dimension is deﬁned by:Rpi ðnÞ ¼
Ni;pðnÞwiPNP
i^1
Ni^;pðnÞwi^
ðA:16Þwhere, p is the degree, Ni,p is the B-spline basis function and wi is the weight associated to the ith control point
Pi. Similarly in 2 and 3 dimensions, NURBS basis functions may be obtained as:Rpi ðn; gÞ ¼
Ni;pðnÞ Nj;pðgÞ wijPNPn
i^¼1
PNPg
j^¼1Ni^;pðnÞNj^;pðgÞwi^^j
ðA:17Þ
Rpi;j;kðn; g; 1Þ ¼
Ni;pðnÞ Nj;pðgÞ Nj;p ð1ÞwijkPNPn
i^¼1
PNPg
j^¼1
PNP1
k^¼1Ni^;pðnÞNj^;qðgÞNj^;rð1Þwi^^jk^
ðA:18ÞA.5. Polynomial reproduction by NURBS basis functions
Now the condition for NURBS to reproduce a polynomial may be written as:XNP
i¼1
Rpi ðxÞxai ¼ xa; jaj 6 p ðA:19ÞFig. A.3. NURBS approximation of a function u(x) = xa(jaj = 4).
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of the discretized points. Recall the properties of NURBS basis functions that NURBS approximation of any
function is always within the convex-hull of the control points and hence NURBS approximation of any
function for a given control points is convex. Now partition of unity property of NURBS basis function
automatically satisﬁes the 0th order consistency. For a linear function convex-hull coincides with the function
and hence any linear function can exactly be reproduced by any convex approximation scheme (including
NURBS). Now for pP jajP 2 consider the following case:
Let the problem domain X is discretized by a set of points ffxigNPi¼1g  X and if any function u(x) 2 C(X) is
deﬁned on X with fui¼D uðxiÞgNPi¼1 as control points then the best convex approximation of u(x) over X is the line
(surface/solid in 2 or 3 dimension respectively) joining the control points. Consider an one dimensional (n = 1)
case u(x) = xa,x 2 R. Fig. A.3 shows the convex-hull of the control polygon, u(x) = xa(jaj = 4) and NURBS
approximation ua(x) with NP = 6 and constant weights (wi = c). Let XNP be the convex-hull of the control
points fui¼D uðxiÞ ¼ xai gNPi¼1. Now consider a point x 2 R such that uðxÞ 62 XNP but its convex approximation
(via any convex approximation scheme including B-spline) uaðxÞ 2 XNP . Hence even the best convex approx-
imation always leads to some error of u(x)  ua(x) almost everywhere over the domain. Same argument can be
extended for the functional approximation in higher dimensions.
Now consider the case when weights (wi) are not constant. Let ith control point is associated with some
non-zero weight wi. Geometric interpretation of weights given in Piegl and Tiller (1995) says that wi is the mea-
sure of stretch at ith control point which modiﬁes the approximation locally restricted within the convex-hull
of the control points. So with the same convexity argument it can be seen that the approximated function via
NURBS will always have some error almost everywhere over the domain. However it is of relevance to note
that if one allows to extend the deﬁnition of NURBS by taking the weights as a spatially varying function then
NURBS can reproduce a polynomial. In such case weights may be obtained from the reproducing condition.
A detail description of NURBS with spatially varying weights is given in (Shaw and Roy, 2006).
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